The term rigid profinite space will apply to a left filtered (see below) actually commuting diagram of spaces with finite homotopy groups, as distinguished from an Artin-Mazur profinite space which is a homotopy commuting diagram. One advantage in working with actually commuting diagrams is that a functorial homotopy limit exists relating diagrams of spaces to spaces. A homotopy limit does not exist in general for diagrams in the homotopy category. The actual relationship between rigid profinite spaces and profinite spaces is not well understood. Theorem 3.4 and Corollary 6.9 below suggest that the relationship is very close. Rigid profinite spaces arise naturally in many contexts; in particular, the etale homotopy type of a nice variety may be made rigid [8] , [10] .
The main results of this paper are as follows. In § 2 we construct a functorial profinite completion X for a connected space X taking values in the category of rigid profinite spaces. We employ a construction pioneered by Quillen [13] making use of the profinite completion of a simplicial group. We show that this profinite completion is weakly equivalent to that of Artin-Mazur. A functorial nilpotent p-completion has been studied extensively by Bousfield and Kan [5] ; it gives equivalent results on spaces X which are nilpotent and locally of finite type -i.e., H*(X; M) of finite type for all finite local coefficient systems M. For spaces which are not nilpotent, the Bousfield-Kan completion gives very different results.
In § 3 we construct a functorial discretization d Y for a rigid profinite space Y. We show that for X a connected space, dX represents the Sullivan finite completion of X [17] in a strong sense -i.e., for all connected spaces Z, the mapping space hom^, dX) has the right higher homotopy groups (see Theorem 3.4) . In part II of this paper (in preparation), we will show that when X is locally of finite type, X and dY are homotopy adjoint in a strong sense -i.e., horn (X, dY) is weakly equivalent to horn (X, Y) for a natural definition of horn (X, Y). is a fibration up to weak equivalence. Artin-Mazur instead require that B be simply connected [2; Thm. 5.9] . In § 5 we begin a study of the homotopy groups of completions. We define the left derived functors of profinite completion by a construction reminiscent of Dold-Puppe [7] . We then apply these derived functors to the classical case of a connected space which is virtually nilpotent and locally of finite type. For X such a space, there are short exact sequences
where L x denotes the first left derived functor of profinite completion. The calculations for nilpotent spaces are essentially the same as those of Ch. VI] . The proofs given here are new and from a different viewpoint. In Remark 5.6 we indicate a critical idea for studying the homotopy groups of completions of nonnilpotent spaces. Applications will appear in a future paper. In § 6 we consider the question: when is a rigid profinite space X functorially realizable as a completion; i.e., when is (dXy weakly equivalent to X? If (dX) Λ is weakly equivalent to X we call X intrinsic. For X virtually nilpotent, we show that X is intrinsic iff X is locally of finite type. In part II of this paper we will show that if X and Y are connected rigid profinite spaces and X is intrinsic and locally of finite type then horn (dX, d Y) is weakly equivalent to horn (X, Y).
2.
Rigid profinite spaces and completions* Let ^ be a category. A pro-object in ^ [2] is a functor X:I->^, where / is a left filtered index category, i.e., a small category satisfying (i) i,ie/-3/j in /.
(ii) if jzXiel, 3fc ->iel such that the compositions k-> izXj are equal.
We will use the notations
for X:J->^, and X w for X(i ^> denotes the "nsimplices" of X. Also, for X, YeΔ^, T induces a natural map of function complexes
In particular T preserves homotopies. Thus the adjoint pair of functors ( )t and d induce an adjoint pair of functors
preserving group homotopies.
We will make use of the categories of spaces (simplicial sets) Sf = Δ (sets), simplicial groups Δ®, simplicial profinite groups Δ®, and simplicial pro-l groups Δ®ι. We will also need the category of reduced spaces &ζ whose objects are simplicial sets with a single vertex * and the homotopy category of reduced spaces J%% with the same objects but with
We will call an object of Pro-^ a rigid prospace to distinguish it from an Artin-Mazur prospace which is an object of Yτo-Sίf, £ίf the homotopy category of spaces. DEFINITION 
A rigid profinite space is an object
X={X i } ieI of Pro-^ such that each X t has finite homotopy sets. Let £? £ Pro-^ be the full subcategory of such objects. Similarly, X is a rigid pro-l space if in addition each π n X i9 n ^> 1, is a finite lgroup. These objects form a category &\. We will call a rigid prospace reduced if each X t e £%, and we denote the categories of reduced rigid profinite spaces and rigid pro-Z spaces by <9ζ and &ζ l9 respectively. We will usually be concerned only with reduced spaces.
Our immediate object is to extend the Z-completion functor ©-> ®ι to a functor Sζ-*^.
We will use a construction pioneered by Quillen [13] . In addition we will give in this section a review of some useful properties of the cohomology of simplicial profinite groups.
Consider a simplicial profinite group G. If U is an open normal subgroup of (?, then G/U is a simplicial finite group. Indeed, G may be identified with lim G/ U, U running over the open normal simplicial subgroups of G, and Δ% is equivalent to Pro-z/© fin [13; Lemma 2.3] . Denoting by W'the simplicial classifying space functor, we see that each W(G/U) is a reduced space with finite homotopy groups. Thus we may associate with G a rigid profinite space
W is then a functor from Δ® to £>%.
For Xe&ζ, let GX be its free group loop space [11; Ch. VI] . Let GX = (GXΓ and &X = (GX) is X = WGX; the rigid l-completion is X z = WG t X.
We will justify these definitions below. These definitions may be extended to rigid prospaces. If Zê o, X = {XJiei, then let
and X ι = fi^X. We write X -X, and G = G*X when I = {all primes}. Clearly, there is a natural map X-*X. In fact, a straightforward calculation demonstrates that PROPOSITION 1 Xύ* We will say that the coefficient system M is an l-coefficient system if M is a finite abelian i-group and the π x X action π λ X~> Aut (M) factors through an i-subgroup of Aut (Λf). Thm. 4.3] ). £e£ X, f:X-> Y. The following are equivalent.
( i) f is a weak equivalence.
(ii) TΓiX-^TΓLF, αweί /or every l-coefficient system M,
Let G be a simplicial profinite group. Then we may define homotopy groups π n G for G in the usual way [11; § 17] 
. Let I be a set of primes and G an l-good simplicial group. Then for all continuous l-coefficient systems M, ff*(G,; M) -^ H*(G; M) .
Proof. The natural map G -> G ι induces a map of spectral sequences
is a weak equivalance of profinite spaces.
Proof. First, for X = {XJ ie /,
Second, for M a continuous i-coeίficient system.
Thus by 2.4, X-* Jf z is a weak equivalence.
COROLLARY 2.11. If X, Ye£^f f:X-*Y a weak equivalence, then f: X t -> Ϋι is a weak equivalence. COROLLARY 
If XeS^ is n-connected, then Xι is n-connected and
Proof. By (2.11) we may assume X t = *, i <^ n. The argument of (2.7) then generalizes. (c) If XePro-^ and PF(X) denotes the Artin-Mazur pro-l completion of [2] , then there is a natural ^-isomorphism in Pro-
Proof. Only (c) requires comment. By the universal properties of PF{X) there is a natural commuting diagram 7, 2.8, and [2; 3.7, 4.3] and for all.finite ί-coefficient systems M,
H*(X t ; M) -H*(PF(X); M)
. We have established that ( )f is a good rigid profinite completion. We will now see that the completions for various sets of primes I are compatible. Proof. First πjt x = πjt v , since the i-completion of a finite Vgroup 7Γ is again π. Next, let M be a continuous i-coefficient group. Since M is a finite abelian group it may be written where M v is a Sylow Z'-group and N is a Sylow (ί -Γ)-group. Since for abelian groups, Sylow J-groups are characteristic subgroups, the decomposition is compatible with the action of π λ X on M. Thus
But H*(X; N) = limH^Xt; N) where X = {XJ ie i, and 7Γ w X 4 6®r for all i, n. Thus H*{X; N) = 0. By the same arguments, H*(X V \ N) = 0. Thus 3* Discretization and the Sullivan completion* In this section we will extend the discretization functor defined on profinite groups to a functor d: .9^ -> .9% and show that, for X e ,9%, dX t represents the Sullivan i-completion of X [17] .
Let G be a simplicial profinite group. Then dG is a (discrete) simplicial group, and the functor d is right adjoint to finite completion. As we remarked in § 2, the homotopy groups of G and dG may be computed from the homology of certain non-abelian chain complexes; also, inverse limits of profinite groups are exact. Thus
Since finite products of sets commute with inverse limits, we also see that Proof. Since each π n W(G/U) is finite,
For X G . Vo> we define the discretization of X to be dX = WdGX .
If X = {X^en there is a natural map
which is a homotopy equivalence if each X t is fibrant. More generally, for XePro-.i/J, we may define the discrete l-completion of X to be We will see that dX t is just a rigid Sullivan l-completion of X. For X G ._9£, the Sullivan Z-completion of X, X -> SiX is characterized as follows [17] . Let PF^X) = {F t } ieI be the Artin-Mazur i-completion. / is the category whose objects are maps in 3£%i
where F t has homotopy groups which are finite Z-groups. A map i -> j in / is a class of (homotopy) commuting diagrams To complete the proof, note that, by the last argument, π 0 F = lim π 0 Fi, and apply the above result to each component. Proof of 3.4. We first show that we may restrict the limit on the right hand side of (3.4) to the subcategory PFl(X) £ PF^X) whose objects are classes of maps X -> F t such that F t has finite homotopy dimension. For let F be a fibrant simplicial set with finitely many simplices in each degree. Then the inverse system {horn, (Γ βf F)} , where Y a runs over the finite subcomplexes of Y, satisfies the hypotheses of (3.5) . Furthermore, hom^F, F) = limhom^Γ*, F). 4* Fibration theorems and nilpotent spaces* In this section we will discuss some circumstances under which finite completion preserves fibrations up to homotopy. Two types of restrictions arise -conditions on the action of fundamental groups and finite type conditions. Throughout this section, I will be a fixed set of primes. DEFINITION 4.1. Recall that a (profinite) group G has property (F) if for any finite group F there are only finitely many (continuous) homomorphisms G -> F. We will say that a connected space X is locally of finite type if (π 1 X)i has property (F) and, for each finite ϊ-coefficient system M, H n (X; M) is finite for all n. We will say G is locally of finite type if K(G, 1) is.
A fibration
is l-virtually nilpotent if for each N ^ 1 there is a normal subgroup π £ πJΞ such that πjϋjπ is a finite ϊ-group and π acts nilpotently on π n F for n <^ N. A space X is Z-virtually nilpotent if the trivial fibration X -»X -> * is. Let F-+E-+B be a fibration in <$£, and let F be the fibre of the induced map
Then there is a natural map F x -> F. Th. 5, 9] The proof of this theorem is not needed for the next two sections and is defered to § 7. The notion of a p-sylow subgroup G p of a finite group G generalizes to profinite groups [15] . A profinite group G is pronilpotent if it is the product of its p-Sylow subgroups. We say that a G module A is pro-nilpotent if G p acts trivially on A q when p φ q. Note that since the p-Sylow subgroups of an abelian group are characteristic, the action of a group on A respects the decomposition We will say a profinite space X is pro-nilpotent if π x X is pronilpotent and each π n X is a pro-nilpotent πjί module. THEOREM 
If Xe^ is pro-nilpotent, the natural map
x->nχ P , is a weak equivalence.
Proof. Note that π λ X = π x πX 9 by assumption. We must show that for any finite πjζ. module M the cohomology map is an isomorphism. We may assume Mis a simple π x X module and is therefore a Z/q vector space for some prime q. Indeed, by [16; I. 3.2, III.
4.3] we may assume
where M p is a simple (π 1 X) p module which is isomorphic to the trivial one dimensional representation for almost all p and whenever p = q. Thus, by the Kiinneth theorem,
H*( Π X,; M) ~ M*i* (x) H*(X q ) Z/q) . P
Now, assuming X is of the form WGY, we have a fibration X >X >K (N,1) where
Then there is a spectral sequence
#*(iV; H*(X; M)) => H*(X; M) .
Note that π n χ = π n X, n^2, and π,X = {π x X) q . The action of N on H*(X; M) is determined by that on (π*X) q which is trivial; thus
H*(N; H*(X; M)) = H*(N; M® H*(X; Z/q)) = M N (g) H*(X; Z/q) .

But, by the same argument, H*(X;Z/q) = H*(X;Zfq). Thus
H*(X; M) = M*i* (x) H*(X; Z/q)
as required. COROLLARY 
Let XeS^be nilpotent, then X t is pro-nilpotent.
Proof. Apply the above argument to X noting that π ± X is dense in π t Xι. Proof H λ (A; Z/p) is finitely generated iff A/pA is finitely generated. Note that
and (A(g)B)/p(A(g)B) = A® = (A®Z/p)® z/p (B(g)Z/p)
= A/pA (x) B/pB .
LEMMA 4.10. If A -^ B is an epimorphism of abelian groups and H\A;Z/p) is finite, so is H\B;Z/p).
Proof H\B; Z/p) -» H\A; Z/p) is monic. PROPOSITION Proof. If each π n X is locally of finite type relative to ί, then so is X by a straightforward Serre spectral sequence argument. Suppose then that X is locally of finite type relative to I. Then so is any Z-finite regular covering space of X. Thus we may assume that π x X acts nilpotently on π n X for n <> N, N any chosen integer. Let X be the universal cover of X. We assert that H n (X; Z/p) is finite for all pel and n <^ N. To see this, consider the spectral sequence of the universal cover X, Thus π,X is locally of finity type with respect to I, and H n (π 1 X; Z/p) is finite for all n. Consequently, fPfaX; H\X)) and H\π x X\ H\X)) are finite. By (4.14) , H\X) is finite; thus, so is H'faX; H\X)) for all i. Continuing by induction, H n (X; Z/p) is finite for n <Ξ N. To complete the proof, we apply a similar argument to the fibrations
If A is a nilpotent group with H\A; Z/p) and H 2 (A; Z/p) finite for all pel, then (a) A is locally of finite type relative to I. (b) There is a filtration by normal subgroups,
where E m X denotes the (m ~ l)-connected cover of X. ZIP IPfaX; ZIP) FIGURE 4.16 5. Homotopy groups of completions* In this section we define derived functors of finite completion and use them to calculate the homotopy groups of finite completions of virtually nilpotent spaces. In view of (4.7), this computation is essentially the same as that of Ch. VI] .
Let n ^ 0 be an integer, G a group which is abelian if n > 0. We define the left derived functors of finite completion on G by
Note that GK(G, n + 1) is a free simplicial group of type ((?, n) and that Ln(G;n) = π n+i GK(G, n + 1); thus the profinite groups Li(G; n) are indeed derived functors of completion on the category of groups by analogy with Dold-Puppe [7] . If I is a set of primes we also define the derived functors of l-completion by
To simplify the notation in the following discussion, we will denote L hί by Li when I is clear from context. PROPOSITION 
For I a set of primes L 0 (G; n)=O l9
and Li(G; n) is abelian for i > 0.
Proof. Immediate from (2.12). PROPOSITION 
// G is abelian and locally of finite type with respect to I, then
UG; n) = UG 9 n + ΐ).
Proof Apply (4.2) to the fibration
with contractible total space. In case G is locally of finite type or n -0, we will denote UG n) by L t (G). PROPOSITION 5.3 . Let I be a set of primes. Then £,((?) = 0 for all i> 0 iff G is l-good.
Proof. We have a natural map
in ^ which is a weak equivalence iff G is ϊ-good. PROPOSITION 
For I a set of primes, L t ( n) is a functor from groups (abelian groups if n > 0) to pro-l groups.
Proof. If G
> H is a homomorphism, there is induced a map, unique up to homotopy,
By (2.13a) / induces a map unique up to homotopy 
Proof Apply (4.3) to the fibration
REMARK 5.6. To generalize (5.5) to extensions which are not nilpotent, it is necessary to define the notion of relative finite completion and its derived functors. If H is a group with G action, the finite completion of H relative to G is the profinite group Ho = {FJ where i runs over the family of G-epimorphisms H-> F if where F t is a finite G-group. Then ίϊ G has a natural G action. In case the action of G on H is virtually nilpotent and either G or H has property (F), H G -H, reducing relative finite completion to finite completion. If P= H\G is the semi-direct product of H and G, the sequence
Then πJΓ -H G and one may define the derived functors of G-completion as
It may be shown that there is always a long exact sequence
Proof of these facts and applications will appear in a future paper. Now since an abelian group is the extension of a torsion free abelian group by a torsion abelian group, we may suppose A is all torsion. Again, since A/pA is finite, there is a finite subgroup J of A such that A/J is p-divisible. Since J is good, we may assume A is a p-divisible torsion group. Now P A is finite, so let e ί9
, e m e P A be a basis. Since A is p-divisible, there is a group A! of the form
We mention the following characterization. VI 2.2] 
where A\G is the semi-direct product of A and G, shows that G acts naturally on L*(A). Note also that if 0 £ A n ςz £ A 1 £ A is a filtration of A by G-subgroups which are locally of finite type, then the action of G respects the long exact sequences of the resulting tower of fibrations. By (4.13) such a filtration exists with G acting trivially on A*/A t+1 , 1 ^ i ^ n. Part (b) then follows easily. The proof of part (a) is similar.
Our main result is the following. 
By (4.15) each of the spaces above is locally of finite type with respect to I, and each fibration is Z-virtually nilpotent. Thus, by (4.3), Z-completion yields a tower of fibrations with fibres K(π n X, ri)f. The homotopy exact couple of the tower of completions then yields a strongly convergent spectral sequence
Thus the spectral sequence collapses to the exact sequence of 4.11.
6* Realizing profinite spaces as completions* Let X be a rigid profinite space. Then the natural map dX -> X induces a map of rigid profinite spaces {dly->x.
We will say X is intrinsic if this map is a weak equivalence. In this section we attempt to characterize intrinsic rigid profinite spaces. A complete answer will be given for the nilpotent case.
In order that a rigid profinite space be intrinsic, its homotopy groups must have a similar property. Let G be a profinite group. We say that G is intrinsically topologized if the natural map in I. Then g may be written 9 = 9o9ι -9r , where g 0 is n-divisible and, for 1 <; i <; r, g i e G Pi for some p^Sylow subgroup G Pi .
The proof is a lengthy but straightforward calculation using elementary number theory.
Consider a finitely generated pro-abelian p-group A. Then A has a natural structure as a ϋΓ p -module, Z p the p-adic integers. Since Z p is a principal ideal domain, Proof First let A be a finitely generated pro-abelian p-group. By the remarks above, to see that A is good, it suffices to see that Z p is good. But Z p is ^-divisible for p Φ n, torsion free, and ZJpZ p = Z!p. Thus
H*(dZ,; Z/q) = H*(Z P ; Z/q)
for all primes q. In particular, if q Φ p, H*(dZ p ; Z/q) = 0. Now in general, if G nilpotent, G = ΠG P and each G p is a finitely generated nilpotent pro-p group. Simple calculations with the Kiinneth theorem and the Hochschild-Serre spectral sequence show that G is good.
Our main result now follows from the results of § 5.
THEOREM 6.8. Let X be a virtually nilpotent rigid profinite space. Then X is intrinsic iff it is locally of finite type.
It is not known if (6.8) is true for pro-nilpotent X. For it is not known whether the ^-completion of a finitely generated free group has a good discretization. where A and C t are simplicial i-groups; a map i -> j between objects is a map of diagrams which is the identity on C and D. Such a map of diagrams is necessarily unique. 
F >E >B
be a ίibration of reduced spaces satisfying the hypotheses of (4.3). We may assume that E -> B is of the form Wf: WD -> WC, where f:D->C is a map of free simplicial groups. Applying W to the category ^ of (7.2), we construct a family of commuting diagrams of the form (7.3). (7.3) .P > E > B
I
These diagrams satisfy (a) each row and column is a fibration. (f) πfii -> π x βι is epic. Let 0 -{0J, )7 = fa}, β = {/3J, ie^. By [2; Prop. 5.1], â nd βt are weakly contractible. Our strategy in proving (4.3) is to first show that 0ι is weakly contactible; then, we will use that fact to show that F ~> F is a weak equivalence. We begin by showing that for all pel.
Let N be some large integer. Since F -> E-+ B is an I-virtually nilpotent fibration, for ίeίf sufficiently large -i.e., for all i in a cofinal subcategory of ^ -we may assume that Im (π^ -> πj£) acts nilpotently on τz n F for n ^ N.
